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Abstract.
A trajectory over the finite field F" is a function from the integers / to Fq. The set X(FA of all trajectories over F, is a topological vector space in the product topology induced by the discrete topology on Fq, and coordinatewise addition and scalar multiplication of trajectories. Let i^bea continuous linear operator on X(FQ) which commutes with the shift. If x is a trajectory over FQ, then the </>-orbit of x is the sequence of trajectories x, <j>(x), 4>2(x), • • •. Suppose that </> is not a scalar multiple of the identity. Theorem.
The trajectory x is periodic if and only if the cf>-orbit of x is eventually periodic.
Let S be a finite set, and let I he the set of all integers. A trajectory over S is a function from / to S. Yet XiS) he the set of all trajectories over S. The discrete topology on 5 induces a product topology o.i XiS). The shift is the continuous map o:X(S)^>-X(S) defined by (o(x))(i)=x (i+l) for all x e X(S) and i e I. The pair (X(S), a) is called the shift dynamical system over S.
A shift-invariant operator on S is a continuous map </> : X(S)->X(S) which commutes with the shift. These operators have been characterized by Curtis, Hedlund, and Lyndon [1] . Let Sn be the set of zz-tuples of elements of S, and let/be any function from Sn to S. Let zzz e I. Define <f>:X(S)^X(S)hy
It is proved in [1] that <j> is a shift-invariant operator on XiS), and, conversely, that every shift-invariant operator on X(S) has this form for some integers zzz and zz, and some function f:Sn^-S.
Let </> be a shift-invariant operator on AYS), and let x e X(S). The <f>-orbit of x is the sequence of trajectories x, <f>(x), <f>2(x), <f>3(x), • • •. The </>-orbit of x is eventually periodic if <pk+Q(x) = <pk(x) for some positive integer Q and for all sufficiently large k. The trajectory x is periodic if x(i+p)=x(i) for some positive integer p and for all i e I. Lemma 1. Let x be a trajectory over S, and let </> be a shift-invariant operator on X(S). Ifx is periodic, then the <p-orbit ofx is eventually periodic.
Proof.
Observe that if x(i+p)=x(i) for all i e I, then (<j>(x))(i+p)= (<f>(x))(i) for all i e I. For by the above characterization of shift-invariant operators, there exist integers m and n and a function/:S1™->A such that Let Tj be the zz-tuple (x(j+l), xij+2), ■ ■ • ,xij+n)).
Since there are only qn distinct «-tuples of elements of Fa, it follows that Ts =T¿ for some integers/, and/ such that 0^j0<j\^qn.
Letp=j1-j0. Then x(i+p)=x(i) for i=j0 + l,j0+2, ■ ■ ■ ,j0+n. But then (2) and (3) imply that x(i+p) = x(i) for z'=y0 and /=/"+« +1. By induction, it follows that x(i+p)=x(i) for all i e I, and so the trajectory x is periodic.
Conversely, if x(i+p)=xii) for all i e I, let n = 2p-1, and set ar=l for Corollary. Let x be a trajectory over a finite field Fq, and let <f> be a nonzero shift-invariant linear operator on XiFq). If <¡>ix) is periodic, then x is periodic.
By Lemma 2, there exist constants ax, a2, ■ • ■ , an e FQ with ax9^0 and anj^0 and an integer m such that (</>(x))(0=2?=i arx(i+m + r). If (<f>(x))(i+p)= (</)(x))(i) for some positive integer p and all /' e /, then n n 2 arx(i + m + r) -¿j arx(i + p + m + r) = 0 r=l r=l for all i e I. By Lemma 3, the trajectory x is periodic.
Theorem. Let x be a trajectory over a finite field FQ, and let <f> be a shift-invariant linear operator on X(Fg). Assume that <f> is not a scalar multiple of the identity. Then x is periodic if and only if the <p-orbit ofx is eventually periodic.
Suppose that <j>k+Q(x)=<l>k(x) for all k^k0. Let y=q>k°(x). Then (f>Q(y)=<f>ko+Q(x)=<f>ko(x)=y. By Lemma 2, there exist me I and constants ax, a2, • ■ • , an e FQ not all zero such that n y(i) = (cf>Q(y))(i) = 2 WO + m + r) r=l for all i e I. Since </> is not a scalar multiple of the identity, then <pQ is also not a scalar multiple of the identity. Therefore, if w=l, then m^ -l.
By Lemma 3, it follows that y = <f>Q(x) is periodic. Then the g-fold application of the corollary to Lemmas 2 and 3 proves that the trajectory x is periodic.
Conversely, if the trajectory x is periodic, then by Lemma 1 the </>-orbit of x is eventually periodic.
